This work presents a new viscous wall boundary condition technique for embedded
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Drag was also observed in Frymier's work, 6 but it was not attributed to the viscous stencil positivity. Thus, if general bodies need to be modeled for viscous solutions, then these solid surface boundary condition formulations are of little use.
In addition to the non-smoothness problems associated with the existing solid boundary treatment, the cut cells generated by the solid surface intersecting with the Cartesian cells require very small time steps to maintain the CFL restriction needed to ensure the stability of explicit time integration schemes. Thus, removing the surface cells from the finite volume formulation will provide the added benefit of relaxing the time step restriction.
Cartesian Solver Description
The Cartesian grid solver used for this work is NASCART-GT, an unsteady, three-dimensional solver developed at Georgia Tech. A summary of the features will be presented here, see Marshall 7 for a detailed description.
NASCART-GT is an unsteady, three-dimensional embedded grid Cartesian solver of the full laminar NavierStokes equations without body forces and a perfect gas thermodynamic model. The governing equations are solved using Roe's approximate Riemann solver coupled with a MUSCL data reconstruction technique for the inviscid fluxes and traditional finite differencing of the viscous terms. A pressure based limiter is applied to the reconstruction to dampen oscillations in high gradient regions. The overall accuracy of the scheme is as high as second order accurate in space.
The time integration is performed using a Hancock two-stage predictor-corrector scheme which is second order accurate in time. In order to accurately capture high gradient regions, a solution adaption scheme is used. The solution adaption scheme uses a combination of the velocity divergence and velocity gradient as a coarsening/refining metric.
Since no ghost-cells are used at the surface cells, the MUSCL data reconstruction limiter is used to avoid creating a computational stencil with cells that are interior to the body. This has the effect of possibly lowering the order of accuracy of the data reconstruction for some cells near the surface.
Wall Boundary Condition Development
The wall boundary condition development presented here removes the surface cells from the finite volume formulation discussed above. Instead, the state for these cells is determined from an interpolation of the surrounding cells with the wall boundary conditions as additional constraints. Notice that this treatment removes the arbitrarily small cut cells from the finite volume formulation and increases the allowable time step size, a side benefit explored in another paper. 8 The formulation of the surface cell properties utilizes the state at a point normal to the surface which can be based on the surrounding cells, see figure 1. The state at point 'c' is constructed either directly from the state of the cell containing point 'c' (in this case labeled '5'), or by using a distance weighted interpolation of the of the surrounding cells (in this case cells '1' through '9'). The distance weighted interpolation places a restriction on the cells surrounding the surface cell such that all of the cells neighboring the reference cell and the reference cell itself must be at the same refinement level as the surface cell.
Using the state at point 'c', the state at the centroid of the surface cell, labeled '9', (or the wall location, labeled 'w') can be developed by using one-dimensional relationships along the line Bw. The specifics of the state reconstruction depends on whether the wall curvature is to be considered. The viscous formulation is separated into two cases, one if the flow at point 'c' is subsonic and another if it is supersonic.
Subsonic Case The surface cell velocity is first determined by an interpolation procedure along the line Bw from point 'c' to the wall utilizing the no slip wall boundary condition. The resulting relationship is
where δ c and δ 9 are the distances from point 'w' to points 'c' and '9', respectively. This has the effect of linearly decreasing the tangential velocity to zero and quadratically decreasing the normal velocity to zero at the wall. Next, the pressure at point '9' can be determined by using the normal momentum equation for a flat wall to
which when used in a first order forward finite difference approximation yields
To close the thermodynamic system and enforce the final wall boundary condition, the temperature for the surface cell is determined. For an adiabatic wall boundary condition, a first order finite difference formulation for the wall heat flux yields the simple relation
While for the isothermal case, a simple linear interpolation along Bw, yields
Supersonic Case The supersonic case should be a pathological case since the wall cell must be in the boundary layer (thus subsonic), but it is applicable when the solution domain is initialized using the freestream values. If the wall angle produces a shock then the subsonic viscous velocity formulation is used to determine the velocity direction and the oblique shock relations are used to calculate the velocity magnitude and the thermodynamic conditions.
Curved Wall Development
While the basic model does address many of the problems with the viscous flux stencil positivity mentioned above, an enhanced version of the wall boundary conditions is presented in the curved wall model. Specifically, utilizing the surface curvature in an effort to ease the grid refinement criteria around regions of high curvature, and utilizing the governing equations to develop the interpolation relationships. The surface curvature modification requires the governing equations to be transformed into geodesic coordinates in order to incorporate the surface curvature terms. See Marshall 7 for the derivation details associated with the full NavierStokes and the boundary layer equations in both twoand three-dimensions for geodesic coordinates. The net result of this treatment is that the surface curvature is needed along the two coordinates on the surface (ξ and ζ ). The curvature of the surface along the ξ -direction is denoted as K ηξ and along the ζ -direction is denoted as K ηζ . See figure 2 for an example surface.
There are two important equations that will be used in this work, the normal momentum equation and the energy equation. The normal momentum equation is used to improve the pressure determination into a quadratic interpolation, and the energy equation is used to improve the temperature determination into a quadratic interpolation.
The normal momentum equation in the geodesic for- 
If steady state is assumed and the equation is applied to the wall (where u = 0), then equation (7) becomes
where all derivatives are taken at the wall. Converting this from stagnation enthalpy to temperature, H = C p T +U 2 /2, and recalling the constant specific heats assumption of NASCART-GT yields as well as the boundary layer assumptions that the tangential velocity is much larger than the normal velocity (i.e. u t u η ), the linear velocity profile assumption yields
Finally, if the assumption of constant viscosity at the wall is used then the boundary layer energy equation at the wall becomes
As with the flat wall boundary conditions, the viscous formulation is separated into two cases, one if the flow at point 'c' is subsonic and another if it is supersonic.
Subsonic Case The subsonic viscous wall conditions start with an assumption of the velocity profiles. The direction of the tangential velocity is assumed constant. Since there are only two conditions available to build a velocity profile around, the velocity at point 'c' and the no-slip boundary condition at the wall, the velocity profiles are limited to linear profiles defined as
For the pressure boundary condition there are three conditions known, the pressure at point 'c' and ∂ p ∂ η at the wall as well as point 'c' from the boundary layer equations in geodesic coordinates presented above. Applying the normal momentum equation of the boundary layer equation (6) to these conditions yields
where K c is the combined curvature effects in the ξ and ζ directions at point 'c' (not at the wall). With three conditions a quadratic profile can be used to describe the pressure distribution throughout the boundary layer to get
The development of the final condition, temperature, utilizes the compressible boundary layer energy equation in geodesic coordinates presented above. This equation along with the known state at point 'c' and the wall thermal boundary condition (either adiabatic or isothermal wall) yield three conditions. Therefore a quadratic profile can be used to describe the temperature distribution throughout the boundary layer for the adiabatic wall boundary condition, ∂ T ∂ η w = 0, which results in the following:
For the isothermal wall boundary condition, T w is specified, which results in the following equation for the temperature profile
Supersonic Case As with the basic model, this pathological case is treated by using the oblique shock relations from above to calculate the velocity magnitude and the thermodynamic conditions, while the velocity direction is obtained from the subsonic formulation.
Results
The following cases demonstrate the effectiveness of the new viscous wall boundary conditions presented above. The first case is a subsonic NACA-0012 airfoil flow. This is followed by a supersonic NACA-0012 airfoil flow. 
Conclusions
This research has provided insight into ways of extending the functionalities of Cartesian grid solvers into viscous effects modeling via novel boundary condition While, these results show significant improvements in the handling of viscous solutions on Cartesian grids, there are several areas of research that need to be examined further. In order to address the accuracy problems in the leading edge regions of the surface, the functionality of having multiple levels of refinement on the surface needs to be added to NASCART-GT. This needs to be carefully studied since Coirier showed nonsmoothness problems can arise even in regions where the cell sizes change is comparable to the changes at a refinement boundary. One possible approach to these surface refinement regions is to use a viscous flux reconstruction stencil based on the modified diamond-path Green-Gauss developed by Delanaye et al. 13 
